1 To meet future liabilities general insurance companies will set-up reserves. Predicting future cash-flows is essential in this process. Actuarial loss reserving methods will help them to do this in a sound way. The last decennium a vast literature about stochastic loss reserving for the general insurance business has been developed. Apart from few exceptions, all of these papers are based on data aggregated in run-off triangles. However, such an aggregate data set is a summary of an underlying, much more detailed data base that is available to the insurance company. We refer to this data set at individual claim level as 'micro-level data'. We investigate whether the use of such micro-level claim data can improve the reserving process. A realistic micro-level data set on liability claims (material and injury) from a European insurance company is modeled. Stochastic processes are specified for the various aspects involved in the development of a claim: the time of occurrence, the delay between occurrence and the time of reporting to the company, the occurrence of payments and their size and the final settlement of the claim. These processes are calibrated to the historical individual data of the portfolio and used for the projection of future claims. Through an outof-sample prediction exercise we show that the micro-level approach provides the actuary with detailed and valuable reserve calculations. A comparison with results from traditional actuarial reserving techniques is included. For our case-study reserve calculations based on the micro-level model are to be preferred; compared to traditional methods, they reflect real outcomes in a more realistic way.
Introduction
We develop a micro-level stochastic model for the run-off of general insurance (also called 'non-life' or 'property and casualty') claims. Figure 1 illustrates the run-off (or development) process of a general insurance claim. It shows that a claim occurs at a certain point in time (t 1 ), consequently it is declared to the insurer (t 2 ) (possibly after a period of delay) and one or several payments follow until the settlement (or closing) of the claim. Depending on the nature of the business and claim, the claim can re-open and payments can follow until the claim finally settles.
At the present moment (say τ ) the insurer needs to put reserves aside to fulfill his liabilities in the future. This actuarial exercise will be denoted as 'loss' or 'claims reserving'. Insurers, share holders, regulators and tax authorities are interested in a rigorous picture of the distribution of future payments corresponding with open (i.e. not settled) claims in a loss reserving exercise. General insurers distinguish between RBNS and IBNR reserves. 'RBNS' claims are claims that are Reported to the insurer But Not Settled, whereas 'IBNR' claims Incurred But are Not Reported to the company. For an RBNS claim occurrence and declaration take place before the present moment and settlement occurs afterwards (i.e. τ ≥ t 2 and τ < t 6 (or τ < t 9 ) in Figure 1 ). An IBNR claim has occurred before the present moment, but its declaration and settlement follow afterwards (i.e. τ ∈ [t 1 , t 2 ) in Figure 1 ). The interval [t 1 , t 2 ] represents the so-called reporting delay. The interval [t 2 , t 6 ] (or [t 2 , t 9 ]) is often referred to as the settlement delay. Data bases within general insurance companies typically contain detailed information about the run-off process of historical and current claims. The structure in Figure 1 is generic for the kind of information that is available. In this paper we will use the label 'micro-level' data to denote this sort of data structures. With the introduction of Solvency 2 (in 2012) and IFRS 4 Phase 2 (in 2013) insurers face major challenges. IFRS 4 Phase 2 will define a new accounting model for insurance contracts, based on market values of liabilities. In the document "Preliminary Views on Insurance Contracts" (May 2007, discussion paper) the IASB ('International Accounting Standards Board') 2 states that an insurer should base the measurement of all its insurance liabilities (for reserving) on 'best estimates' of the contractual cash flows, discounted with current market discount rates. On top of this, a margin that market participants are expected to require for bearing risk should be added to this. Solvency 2 will lead to a change in the regulatory required solvency capital for insurers. Depending on the type of business, at this moment this capital requirement is a fixed percentage of the mathematical reserve, the risk capital, the premiums or the claims. Under Solvency 2 the so-called Solvency Capital Requirement ('SCR') will be risk-based, and market values of assets and liabilities will be the basis for these calculations.
The measurement of future cash flows and its uncertainty thus becomes more and more important. That also gives rise to the question whether the currently used techniques can be improved. In this paper we will address that question for general insurance. Currently, reserving for general insurance is based on data aggregated in run-off triangles. In a run-off triangle observable variables are summarized per arrival year and development year combination. The term arrival year (' AY') or year of occurrence is used by general actuaries to indicate the year in which the accident took place. For a claim from AY t its first development year will be year t itself, the second development year is t + 1 and so on. An example of a run-off triangle is given in Table 3 and 4. A vast literature exists about techniques for claims reserving, largely designed for application to loss triangles. An overview of these techniques is given in England and Verrall (2002) , Wüthrich and Merz (2008) or Kaas et al. (2008) . These techniques can be applied to run-off triangles containing either 'paid losses' or 'incurred losses' (i.e. the sum of paid losses and case reserves).
The most popular approach is the chain-ladder approach, largely because of is practicality. However, the use of aggregated data in combination with the chain-ladder approach gives rise to several issues. A whole literature on itself has evolved to solve these issues, which are (in random order):
(1) Different results between projections based on paid losses or incurred losses, addressed by Quarg and Mack (2008) , Postuma et al. (2008) and Halliwell (2009) .
(2) Lack of robustness and the treatment of outliers, see Verdonck et al. (2009) .
(3) The existence of the chain-ladder bias, see Halliwell (2007) and Taylor et al. (2003) .
(4) Instability in ultimate claims for recent arrival years, see Bornhuetter and Ferguson (1972) .
(5) Modeling negative or zero cells in a stochastic setting, see Kunkler (2004) .
(6) The inclusion of calendar year effects, see Verbeek (1972) and Zehnwirth (1994) . (7) The possibly different treatment of small and large claims, see Wuthrich and Alai (2009) . (8) The need for including a tail factor, see for example Mack (1999) .
(9) Over parametrization of the chain-ladder method, see Wright (1990) and Renshaw (1994) .
(10) Separate assessment of IBNR and RBNS claims, see Schnieper (1991) and Liu and Verrall (2009) .
(11) The realism of the Poisson distribution underlying the chain-ladder method.
(12) When using aggregate data, lots of useful information about the claims data remains unused, as noted by England and Verrall (2002) and Taylor and Campbell (2002) .
Most references above present useful additions to or comments on the chain-ladder method, but these additions cannot all be applied simultaneously. More importantly, the existence of these issues and the substantial literature about it indicate that the use of aggregate data in combination with the chain-ladder technique (or similar techniques) is not always adequate for capturing the complexities of stochastic reserving for general insurance. England and Verrall (2002) and Taylor and Campbell (2002) questioned the use of aggregate loss data when the underlying extensive micro-level data base is available as well. With aggregate data, lots of useful information about the claims data remain unused. Covariate information from policy, policy holder or the past development process cannot be used in the traditional stochastic model, since each cell of the run-off triangle is an aggregate figure. Quoting England and Verrall (2002) (page 507) " [. . . ] it has to be borne in mind that traditional techniques were developed before the advent of desktop computers, using methods which could be evaluated using pencil and paper. With the continuing increase in computer power, it has to be questioned whether it would not be better to examine individual claims rather than use aggregate data.".
As a result of the observations mentioned above, a small stream of literature has emerged about stochastic loss reserving on an individual claim level. Arjas (1989) , Norberg (1993) and Norberg (1999) formulated a mathematical framework for the development of individual claims. Using ideas from martingale theory and point processes, these authors present a probabilistic, rather than statistical, framework for individual claims reserving. Haastrup and Arjas (1996) continue the work by Norberg and present a first detailed implementation of a micro-level stochastic model for loss reserving. They use non-parametric Bayesian techniques which may complicate the accessibility of the paper. Furthermore, their case study is based on a small data set with fixed claim amounts. Recently, Larsen (2007) revisited the work of Norberg, Haastrup and Arjas with a small case-study. Zhao et al. (2009) and Zhao and Zhou (2010) present a model for individual claims development using (semi-parametric) techniques from survival analysis and copula methods. However, a case study is lacking in their work. In this paper micro-level stochastic model is used to quantify the reserve and its uncertainty for a realistic general liability insurance portfolio. Stochastic processes for the occurrence times, the reporting delay, the development process and the payments are fit to the historical individual data of the portfolio and used for projection of future claims and its (estimation and process) uncertainty. Both the Incurred But Not Reported (IBNR) reserve as well as the Reported But Not Settled (RBNS) reserve are quantified and the results are compared with those of traditional actuarial techniques.
We investigate whether the quality of reserves and their uncertainty can be improved by using more detailed claims data instead of the classical run-off triangles. Indeed, a micro-level approach allows much closer modeling of the claims process. Lots of the above mentioned issues will not exist when using a micro-level approach, because of the availability of lots of data and the potential flexibility in modeling the future claims process. For example, covariate information (e.g. deductibles, policy limits, calendar year) can be included in the projection of the cash flows when claims are modeled at an individual level. The use of lots of (individual) data avoids robustness problems and over parametrization. Also the problems with negative or zero cells and setting the tail factor are circumvented, and small and large claims can be handled simultaneously. Furthermore, individual claim modeling can provide a natural solution for the dilemma within the traditional literature whether to use triangles with paid claims or incurred claims. This dilemma is important because practicing actuaries put high value to their companies' expert opinion which is expressed by setting an initial case reserve. Incurred payments are the sum of paid losses and these case reserves. Using micro-level data we use the initial case reserve as a covariate in the projection process of future cash flows.
The remainder of the paper is organized as follows. First, the data set is introduced in Section 2. In Section 3 the statistical model is described. Results from estimating all components of the model are in Section 4. Section 5 presents the prediction routine and in Section 6 we give results and a comparison with traditional actuarial techniques. Section 7 concludes.
Data
The data set used in this paper contains information about a general liability insurance portfolio (for private individuals) of a European insurance company. The available data consist of the exposure per month from January 2000 till August 2009, as well as a claim file that provides a record of each claim filed with the insurer from January 1997 till August 2009. Note that we are missing exposure information for the period January 1997 till December 1999, but the impact of this lack on our reserve calculations will be very small.
Exposure
The exposure is not the number of policies, but the 'earned' exposure. That implies that two policies which are both only insured for half of the period are counted as 1. Figure 2 shows the exposure per month. Note that the downward spikes correspond to the month February. Figure 3 shows the development of three claims, taken at random from our data set. It shows the timing of events as well as the cost of the corresponding payments (if any). These are indicated as jumps in the figure. Starting point of the development process is the accident date. This is indicated with a sub-title in each of the plots and corresponds with the point x = 0. The x-axis is in months since the accident date. The y-axis represents the cumulative amount paid for the claim. Type and number of claims In this general liability portfolio, we have to deal with two types of claims: material damage ('material') and bodily injury ('injury'). are usually very different. In practice they are therefore treated separately in separate run-off triangles. Following this approach, we will treat them separately too.
Reporting and settlement delay Important drivers of the IBNR and RBNS reserves are the reporting delays and settlement delays. Figure 5 shows the reporting delays for material and injury claims. The reporting delay is the time that passes between the occurrence date of the accident and the date it was reported to the insurance company. It is measured in months since occurrence of the claim. Of course, the reporting delay is only available for claims that have been reported to the insurer at the present moment. Figure 5 shows the settlement delay separately for injury and material claims. The settlement delay is the time elapsed between the reporting date of the claim and the date of final settlement by the company. It is measured in months and only available for closed claims. These figures show that the observed reporting delays are of similar length for material and injury losses. However, the settlement delay is very different. The settlement delay is far more skewed to the right for the injury claims than for the material claims. Events in the development In this paper we will distinguish three types of events which can occur during the development of a claim. "Type 1" events imply settlement of the claim without a payment. With a "type 2" event we will refer to a payment with settlement at the same time.
Intermediate payments (without settlement) are "type 3" events. Figure 6 gives the relative frequency of the different types of events over development quarters. With micro-level data the first development quarter is the period of 3 months following the reporting date of the claim, the second quarter is the period of 3 months following the first development quarter, et cetera. In the last development quarter shown in the graph we collect the remainder development. The graph shows that the proportions of each event type are stable over the development quarters for injury claims. For material claims, the proportion of event type 2 decreases for later development quarters, while the proportion of event type 3 increases. Payments Events of type 2 and type 3 come with a payment. The distribution of these payments differs materially for the different types of claims. Figure 7 shows the distribution of the payments, separately for material and injury claims. The payments are discounted to 1-1-1997 with the Dutch consumer price inflation, to exclude the impact of inflation on the distribution of the payments. The figures suggest that a lognormal distribution would probably be reasonable for describing the distribution of the payments. This will be discussed further in Section 4. Table  1 gives characteristics of the observed payments for both material and injury losses. Initial case estimates As noted in Section 1, often the problem arises that the projection based on paid losses is far different than the projection based on incurred losses. This problem is addressed recently by Quarg and Mack (2008) , Postuma et al. (2008) and Halliwell (2009) , who simultaneously model paid and incurred losses. Disadvantage of those methods is that models based on incurred losses can be instable because the methods for setting the case reserves are often changed (for example, as a result of adequacy test results or profit policy of the company).
Reserving models that are directly based on these case reserves (as part of the incurred losses) can therefore be instable. However, the case reserves may have added value as an explaining variable when projecting future payments. We have defined different categories of initial case reserves (separately for material claims and injury claims) that can be used as explanatory variables. Table 2 shows the number of claims, the average settlement delay (in months) and the average cumulative paid amount for these categories. The table clearly shows the differences in settlement delay and cumulative payments for the different initial reserve categories. Therefore, it might be worthwhile to include these categories as explanatory variables in the prediction routine. 
The statistical model
By a claim i is understood a combination of an occurrence time T i , a reporting delay U i and a development process X i . Hereby X i is short for
is the type of the jth event in the development of claim i. This event occurs at time v ij , expressed in time units after notification of the claim. V i is the total waiting time from notification to settlement for claim i. If the event includes a payment, the corresponding severity is given by P i (v ij ) := P ij . The different types of events are specified in Section 2. The development process X i is a jump process. It is modeled here with two separate building blocks: the timing and type of events and their corresponding severities. The complete description of a claim is given by:
Assume that outstanding liabilities are to be predicted at calendar time τ . We distinguish IBNR, RBNS and settled claims.
• for an IBNR claim: T i + U i > τ and T i < τ ;
• for an RBNS claim: T i +U i ≤ τ and the development of the claim is censored at (τ
• for a settled claim:
Position dependent marked Poisson process
Following the approach in Arjas (1989) and Norberg (1993) we treat the claims process as a Position Dependent Marked Poisson Process (PDMPP), see Karr (1991) . In this application, a point is an occurrence time and the associated mark is the combined reporting delay and development of the claim. We denote the intensity measure of this Poisson process with λ and the associated mark distribution with (P Z|t ) t≥0 . In the claims development framework the distribution P Z|t is given by the distribution P U |t of the reporting delay, given occurrence time t, and the distribution P X|t,u of the development, given occurrence time t and reporting delay u. The complete development process then is a Poisson process on claim space C = [0, ∞) × [0, ∞) × χ with intensity measure:
The reported claims (which are not necessarily settled) belong to the set:
whereas the IBNR claims belong to:
Since both sets are disjoint, both processes are independent (see Karr (1991) ). The process of reported claims is a Poisson process on C with measure
.
Part (a) is the occurrence measure. The mark of this claim is composed by a reporting delay, given the occurrence time (its conditional distribution is given by (b)), and the conditional distribution (c) of the development, given the occurrence time and reporting delay. Similarly, the process of IBNR claims is a Poisson process with measure:
where similar components can be identified as in (5).
The likelihood
The approach followed in this paper is parametric. Therefore, we will optimize the likelihood expression for observed data over the unknown parameters used in this expression. The observed part of the claims process consists of the development up to time τ of claims reported before τ . We denote these observed claims as follows:
where the development of claim i is censored τ − T o i − U o i time units after notification. The likelihood of the observed claim development process can be written as (see Cook and Lawless (2007) ):
The superscript in the last term of this likelihood indicates the censoring of the development of this claim τ − T o i − U o i time units after notification. The function w(t) gives the exposure at time t.
For the reporting delay and the development process we will use techniques from survival analysis. The reporting delay is a one-time single type event that can be modeled using standard distributions from survival analysis. For the development process the statistical framework of recurrent events will be used. Cook and Lawless (2007) provide a recent overview of statistical techniques for the analysis of recurrent events. These techniques primarily address the modeling of an event intensity (or hazard rate).
As mentioned in (1) for each claim i its development process consists of
Hereby E i (v ij ) := E ij is the type of the jth event in the development of claim i, occurring at time v ij . V i is the total waiting time from notification to settlement for claim i. If the event includes a payment, the corresponding severity is given by P i (v ij ) := P ij . To model the occurrence of the different events a hazard rate is specified for each type. The hazard rates h se , h sep and h p correspond to type 1 (settlement without payment), type 2 (settlement with a payment at the same time) and type 3 (payment without settlement) events, respectively. Events of type 2 and 3 come with a payment. We denote the density of a severity payment with P p . Using this notation the likelihood of the development process of claim i is given by:
Here δ ijk is an indicator variable that is 1 if the jth event in the development of claim i is of type k. N i is the total number of events, registered in the observation period for claim i. This observation period is [0,
Combining (8) and (10) gives the likelihood for the observed data:
Distributional assumptions
We discuss the likelihood in (11) in more detail. Distributional assumptions for the various building blocks, being the reporting delay, the occurrence times -given the reporting delay distribution-and the development process, are presented. At each stage it is possible to include covariate information such as the initial case reserve classes. Our final choices and estimation results will be covered in Section 4.
Reporting delay
The notification of the claim is a one-time single type event that can be modeled using standard distributions from survival analysis (such as the Exponential, Weibull or Gompertz distribution). Figure 5 indicates that for a large part of the claims the claim will be reported in the first few days after the occurrence. Therefore we use a mixture of one particular standard distribution with one or more degenerate distributions for notification during the first few days. For example, for a mixture of a survival distribution f U with n degenerate components the density is given by:
where I {k} = 1 for the kth day after occurrence time t and I {k} = 0 otherwise.
Occurrence process When optimizing the likelihood for the occurrence process the reporting delay distribution and its parameters (as obtained in the previous step) are used. The likelihood
needs to be optimized over λ(t). We use a piecewise constant specification for the occurrence rate:
with intervals such that τ ∈ [d m−1 , d m ) and w(t) := w l for d l−1 ≤ t < d l .
Let the indicator variable δ 1 (l,
The likelihood corresponding with the occurrence times is given by
Optimizing over λ l (with l = 1, . . . , m) leads to:
Development process A piecewise constant specification is used for the hazard rates. This implies:
h {se,sep,p};1 for 0 ≤ t < a 1 h {se,sep,p};2 for a 1 ≤ t < a 2 . . .
This piecewise specification can be integrated in a straightforward way in likelihood specification (11), although the resulting expression is complex in notation. The optimization of the likelihood expression can be done analytically (which results in very elegant and compact expressions) or numerically. It might be worthwhile to fit the distribution separately for 'first events' in the development and 'later events'. This will be investigated in Section 4.
Payments Events of type 2 and type 3 come with a payment. Section 2 showed that the observed distribution of the payments has similarities with a lognormal distribution, but there might be more flexible distributions that fit the historical payment data better. Therefore, next to the lognormal distribution, we experimented with a generalized beta of the second kind (GB2), Burr and Gamma distribution. Covariate information such as the initial reserve category and the development year is taken into account.
Estimation results
The outcomes of calibrating these distributions to the historical data are given. Given the very different characteristics of material claims and injury claims, the processes described in Section 3 are fitted (and projected) separately for both types of claims. This is line with actuarial practice, where usually separate run-off triangles are constructed for material and injury claims. Optimization of all likelihood specifications was done with the Proc NLMixed routine in SAS.
Reporting delay We will use a mixture of a Weibull distribution and 9 degenerate components corresponding with settlement after 0, . . . , 8 days. Figure 8 illustrates the fit of this mixture of distributions to the actually observed reporting delays. Development process For the different events that may occur during the development of a claim, the use of a constant, Weibull as well as a piecewise constant hazard rate was investigated.
In the piecewise constant hazard rate specification for the development of material claims, the hazard rate was assumed to be continuous on four month intervals: [0 − 4) months, [4 − 8) months, . . ., [8 − 12) months and ≥ 12 months. For injury claims, the hazard rate was assumed continuous on intervals of six months: [0 − 6) months, [6 − 12) months, . . ., [36 − 42) months and ≥ 42 months. Figure 10 shows estimates for Weibull and piecewise constant hazard rates. All models are estimated separately for 'first events' and 'later events'. The piecewise constant specification reflects the actual data. The figure shows that the Weibull distribution is reasonably close to the piecewise constant specification. In the rest of this paper we will use the piecewise constant specification. Because the Weibull distribution is a good alternative, we explain how to use both specifications in the prediction routine (see Section 5).
Payments Several distributions have been fitted to the historical payments (which were discounted to 1-1-1997 with Dutch price inflation). We examined the fit of the Burr, gamma and lognormal distribution, combined with covariate information. Distributions for the payments are truncated at the coverage limit of 2.5 million euro per claim. A comparison based on BIC showed that the lognormal distribution achieves a better fit than the Burr and gamma distributions. When including the initial reserve category as covariate or both the initial reserve category and the development year, the fit further improves. Given these results, the lognormal distribution with the initial reserve category and the development year as covariates will be used in the prediction. The covariate information is included in both the mean (µ i ) and standard deviation (σ i ) of the lognormal distribution for observation i:
Hereby r is the initial reserve category and DY i is the development year corresponding with observation i. I DY i =s and I i∈r are indicator variables denoting whether observation i corresponds with DY s and reserve category r. Figure 11 shows corresponding qqplots. Theor. Quant.
Predicting future cash-flows

Prediction routine
To predict the outstanding liabilities with respect to this portfolio of liability claims, we distinguish between IBNR and RBNS claims. The following step by step approach allows to obtain random draws from the distribution of both IBNR and RBNS claims.
Predicting IBNR claims
As noted in Section 3, an IBNR claim occurred already but has not yet been reported to the insurer. Therefore, T i + U i > τ and T i < τ with T i the occurrence time of the claim and U i its reporting delay. The T i s are missing data: they are determined in the development process but unknown to the actuary at time τ . The prediction process for the IBNR claims requires the following steps:
(a) Simulate the number of IBNR claims in [0, τ ] and their corresponding occurrence times.
According to the discussion in Section 3 the IBNR claims are governed by a Poisson process with non-homogeneous intensity or occurrence rate:
where λ(t) is piecewise constant according to specification (14). The following property follows from the definition of non-homogeneous Poisson processes:
where N (b) Simulate the reporting delay for each IBNR claim Given the simulated occurrence time t i of an IBNR claim, its reporting delay is simulated by inverting the distribution:
In case of our assumed mixture of a Weibull distribution and 9 degenerate distributions this expression has to be evaluated numerically.
(c) Simulate the initial reserve category For each IBNR claim an initial reserve category has to be simulated for use in the development process. Given m initial reserve categories, the probability density for initial reserve category c is:
The probabilities used in (23) are the empirically observed percentages of policies in a particular initial reserve category.
(d) Simulate the payment process for each IBNR claims This step is common with the procedure for RBNS claims and will be explained in the next paragraph.
Predicting RBNS claims Given the RBNS claims and the simulated IBNR claims, the process proceeds as below. Note that we use the piecewise hazard specification for the development process. As an alternative for the analytical specifications given below, numerical routines could be used. Using the alternative Weibull specification would require numerical operations as well.
(e) Simulate the next event's exact time In case of RBNS claims, the time of censoring c i of claim i is known. For IBNR claims this censoring time c i := 0. The next event -at time v i,next -can take place at any time v i,next > c i . To simulate its exact time we need to invert: (with p randomly drawn from a Unif(0, 1) distribution)
From the relation between a hazard rate and cdf, we know
with e ∈ {se, sep, p}. For instance with a Weibull specification for the hazard rates this equation will be inverted numerically. With a piecewise constant specification for the hazard rates numerical routines can be used as well. However, as an alternative closedform expressions can be derived.
Step (e) should then be replaced by (e1) − (e2):
(e1) Simulate the next event's time interval In case of RBNS claims, the time of censoring c i of claim i belongs to a certain interval [a k−1 , a k ). The next event -at time v i,next > c i -can take place in any interval from [a k−1 , a k ) on. The probability that v i,next belongs to a certain interval [a k−1 , a k ) is given by:
Using the notation introduced above the involved probabilities can be expressed as (for instance):
with e ∈ {se, sep, p}, δ 2 (l, t) is 1 if t > a l and 0 otherwise and δ 1 (l, t) is 1 if a l−1 ≤ t < a l and 0 otherwise.
(e2) Simulate the exact time of the next event
Given the time interval of the next event, [a k−1 , a k ), we simulate its exact time by inverting the following equation for v i,next
where p is randomly drawn from a Unif(0, 1) distribution. For instance, for P (V < v i,next |a k−1 ≤ V < a k ) = p this inverting operation goes as follows:
with e ∈ {se, sep, p}.
(f) Simulate the event type Given the exact time of the next event, its type is simulated using the following argument
where e ∈ {se, sep, p}.
(g) Simulate the corresponding payment Given the covariate information for claim i, the payment can be drawn from the appropriate lognormal distribution. Note that the cumulative payment cannot exceed the coverage limit of 2.5 million per claim.
(h) Stop or continue Depending on the simulated event type in step (f ), the prediction stops (in case of settlement) or continues.
In the next section, this prediction process will be applied separately for the material claims and the injury claims.
Comment on parameter uncertainty
With respect to the uncertainty of predictions a distinction has to be made between process uncertainty and estimation or parameter uncertainty (see England and Verrall (2002) ). The process uncertainty will be taken care of by sampling from the distributions proposed in Section 3. To include parameter uncertainty the bootstrap technique or concepts from Bayesian statistics can be used. While a formal Bayesian approach is very elegant, it generally leads to significantly more complexity, which is not contributing to the accessibility and transparency of the techniques towards practicing actuaries. Applying a bootstrap procedure would be possible, but is very computer intensive, since our sample size is very large and several stochastic processes are used. To avoid computational problems when dealing with parameter uncertainty, we will use the asymptotic normal distribution of our maximum likelihood estimators. At each iteration of the prediction routine we sample each parameter from its corresponding asymptotic normal distribution. Note that -due to our large sample size-confidence intervals are narrow. This is in contrast with run-off triangles where sample sizes are typically very small and parameter uncertainty is an important point of concern.
Numerical results
The prediction process described in Section 5 is applied separately for the material and injury claims. In this Section results obtained with the micro-level reserving model are shown. Our results are compared with those from traditional techniques based on aggregate data. We show results for an out-of-sample exercise, so that the estimated reserves can be compared with actual payments. This out-of-sample test is done by estimating the reserves per 1-1-2005. The data set that is available at 1-1-2005 can be summarized using run-off triangles, displaying data from arrival years 1999 -2004. Table 3 (material) and 4 (injury) show the run-off triangles that are the basis for this out-of-sample exercise. The lower triangle is known up to 3 cells. The actual observations are given in bold. Of course, these were not known at 1-1-2005 so cannot be used as input for calibration of the models. Output from the micro-level model The distribution of the reserve per 1-1-2005 is determined for the individual (micro-level) model proposed in this paper. We will first look at the output that becomes available when using the micro-level model. Figure 12 shows results for injury payments done in calendar year 2006, based on 10,000 simulations. In Table 4 this is the diagonal going from 412, 268, . . . , up to 97. The first row in Figure 12 shows (from left to right): the number of IBNR claims reported in 2006, the total amount of payments done in this calendar year and the total number of events occurring in 2006. The IBNR claims are claims that occurred before 1-1-2005, but were reported to the insurer during calendar year 2006. The total amount paid in 2006 is the sum of payments for RBNS claims and IBNR claims, which are separately available from the micro-model. In the second row of plots we take a closer look at the events registered in 2006 by splitting into type 1-type 3 events. In each of the plots the black solid line indicates what was actually observed. This figure shows that the predictive distributions from the micro-level model are realistic, given the actual observations. Only the actual number of IBNR claims is far in the tail of the distribution. However, note that this relates to a relatively low number of IBNR claims.
Comparing reserves
The results from the micro-level model are now compared with results from two standard actuarial models developed for aggregate data. To the data in Tables 3  and 4 , a stochastic chain-ladder model is applied which is based on the overdispersed Poisson distribution and the lognormal distribution, respectively. With Y ij denoting cell (i, j) from a runoff triangle, corresponding with arrival year i and development year j, the model specifications for overdispersed Poisson ((31)) and lognormal ((32)) are given below. Both aggregate models Tables 3 and  4) . In each row of 3 plots we show (in this order) the results from the micro-level model, the aggregate overdispersed Poisson model and the aggregate lognormal. The solid black line in each plot indicates what has really been observed. In the plots of the total reserve the dashed line is the sum of all observed payments in the lower triangle. This is -up to three unknown cells-the total reserve. Corresponding numerical results are in Table 5 . In Figure 13 we use the same scale for plots showing reserves obtained with the micro-level and the overdispersed Poisson model. However, for the lognormal model a different scale on the x-axis is necessary because of the long right tail of the frequency histogram obtained for this model. These unrealistically high reserves (see Table 5 ) are a disadvantage of the lognormal model for the portfolio of material claims. Concerning the Poisson model for aggregate data, we conclude from Figure 13 that the overdispersed Poisson model overstates the reserve; the actually observed amount is always in the left tail of the histogram. For instance, in the plots with the total reserve, the median of the simulations from overdispersed Poisson is at 2,785,000 euro, the median of the simulations from the micro-level model is 2,054,430 euro, whereas the total amount registered for the lower triangle is 1,861,000 euro. Recall that the latter is the total reserve up to the three unknown cells in Triangle 3. The best estimates (see the 'Mean' or 'Median' columns) obtained with the micro-level model are realistic and closer to the true realizations than the best estimates from aggregate techniques. Figure 14 shows the distributions of the reserve (in thousands of euro) for the different methods for injury claims. Once again the actual payments are indicated with a solid black line. The results of the lognormal model are now presented on the same scale as the other two models. Corresponding numerical results are in Table 
Conclusions
The measurement of future cash flows and their uncertainty becomes more and more important, also for general insurance portfolios. Currently, reserving for general insurance is based on data aggregated in run-off triangles. A vast literature on techniques for claims reserving exists, largely designed for application to loss triangles. The most popular approach is the chain-ladder approach, largely because of is practicality. However, the use of aggregate data in combination with the chain-ladder approach gives rise to several issues, implying that the use of aggregate data in combination with the chain-ladder technique (or similar techniques) is not fully adequate for capturing the complexities of stochastic reserving for general insurance. In this paper micro-level stochastic modeling is used to quantify the reserve and its uncertainty for a realistic general liability insurance portfolio. Stochastic processes for the occurrence times, the reporting delay, the development process and the payments are fit to the historical individual data of the portfolio and used for projection of future claims and its (estimation and process) uncertainty. A micro-level approach allows much closer modeling of the claims process. Lots of issues mentioned in our discussion of the chain-ladder approach will not exist when using a micro-level approach, because of the availability of lots of data and the potential flexibility in modeling the future claims process.
The paper shows that micro-level stochastic modeling is feasible for real life portfolios with over a million data records, and that it gives the flexibility to model the future payments realistically, not restricted by limitations that exist when using aggregate data. The prediction results of the individual (micro-level) model are compared with models applied to aggregate data, being an overdispersed Poisson and a lognormal model. We present our results through an out-of-sample exercise, so that the estimated reserves can be compared with actual payments. Conclusion of the out-of-sample test is that -for the case-study under considerationtraditional techniques tend to overestimate the real payments. Predictive distributions obtained with the micro-model reflect reality in a more realistic way: 'regular' outcomes are close to the median of the predictive distribution whereas pessimistic outcomes are in the very right tail. As such, reserve calculations based on the micro-level model are to be preferred; they reflect real outcomes in a more realistic way.
The results obtained in this paper make it worthwhile to further investigate the use of microlevel data for reserving purposes. Several directions for future research can be mentioned. One could try to refine the performance of the individual model with respect to very pessimistic scenarios by using a combination of e.g. a lognormal distribution for losses below and a generalized Pareto distribution for losses above a certain threshold. Analyzing the performance of both the micro-level model and techniques for aggregate data on simulated data sets will bring more insight in their performance. In that respect it is our intention to collect and study new case-studies. Table 3 ) this is the total reserve. Table 4 ) this is the total reserve.
